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Abstract 

We show that the boundary states are idempotent B * B = B with respect to the star product of 
HIKKO type closed string field theory. Variations around the boundary state correctly reproduce the 
open string spectrum with the gauge symmetry. We explicitly demonstrate it for the tachyonic and 
massless vector modes. The idempotency relation may be regarded as the equation of motion of closed 
string field theory at a possible vacuum. 
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1 Introduction 



Study of the off-shell structure of string theory is an essential step in understanding its non-perturbative 
physics. In recent years, Witten-type open string field theory has been intensively examined in this 
context. One of the goals is to understand D-branes as soliton solutions of open string field theory. One 
of the promising discoveries was that the energy of the tachyon vacuum correctly reproduced the tension 
of D-branes at least numerically. [2| 

Inspired by the experiences of noncommutative field theory, it was conjectured by Rastelli, Sen and 
Zwiebach that the D-branes may be understood as the solutions to the projector equation, 



where * is the noncommutative and associative Witten-type star product for an open string field. It was 
conjectured that this equation may be understood as the equation of motion of a string field expanded 
around the tachyon vacuum (the so-called vacuum string field theory (VSFT) conjecture |3][I]). In partic- 
ular, a few examples of the projectors, the sliver state or butterfly state, were examined as the candidates 
which describe the D-brane. 

It turned out, however, that the treatment of D-branes in open string field theory is very delicate. 
One of the difficulties was the description of the closed string sector. In Witten-type open string field 
theory, the action does not include the closed string degrees of freedom at the tree level. If we need to 
describe them in open string language alone, we have to consider a singular state such as identity string 
field where the closed string vertex is inserted at the midpoint. The midpoint in open string field 

theory causes many subtleties, for example, it causes the breakdown of the associativity and we have to 
be very careful while handling such a degree of freedom. 1 D-brane couples to the closed string sector (for 
example, gravity) at the tree level, and we cannot escape from using such a singular description. The level 
truncation regularization seems to handle it numerically. However, the analytic treatment of the problem 
remains as a real challenge. 

In this paper, we change the viewpoint and start the analysis of D-branes in closed string field theory. 
We believe that such a treatment is natural since the nature of D-branes is most precisely encoded in the 
boundary state \B) which lives in the Hilbert space of the closed string sector. In particular, we will prove 
that the boundary states (both for Neumann and Dirichlet boundary conditions) satisfy an analogue of 



up to a pure ghost prefactor. 

Unlike the open string version, Ea. H1.2j) has a natural geometrical meaning. The boundary state, as 
suggested by its name, describes the boundary condition of the string world sheet. Suppose there exist 
two holes with the same type of boundary condition. If we merge these two holes by a closed string star 
product, we expect to have the same boundary condition on the new hole.(FigQ) 

1 Recently, a regularization method was proposed 



\£ * $ = \£ 
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Figure 1: * product of the boundary states 



To demonstrate this observation explicitly, we have to be specific about the choice of the star product. 
There are three candidates of closed string field theory which were well examined so far. 

The oldest one is the light-cone gauge approach [S] . This is consistent in the sense that it produces the 
correct integration range over the moduli parameter. However, for the application to our problem, it is not 
useful since the boundary states have nontrivial dependence on the time coordinate. We need covariant 
descriptions. 

The second one is the closed string version of Witten's open string theory. A generalization of Witten- 
type midpoint interaction vertex to closed strings results in nonpolynomial string field theory [lOllllj 2 . The 
action contains infinitely many terms to cover the moduli spaces for the Riemann surfaces corresponding 
to various interactions. This approach contains many mathematically interesting features such as 
structure. Handling of the moduli parameters still remains as a challenge, however, and it has not reached 
the completely satisfactory level. 

The third one is based on a split-joining type vertex, which was proposed about the same time as 
Witten-type open string field theory and is now known as HIKKO's (Hata-Itoh-Kugo-Kunitomo-Ogawa) 
string field theory |13l I14j . It has exactly the same action as Witten's open string field theory, namely, the 
kinetic term and a three string interaction. 3 In HIKKO's theory, it is necessary to introduce a parameter 
called string length a to specify string interactions, which has no analogue in Witten-type string field 
theories. It must be integrated in computing physical quantities and might cause a divergence in loop 
amplitudes The simplest way to resolve this difficulty is to just set a = p + , but it breaks the 

covariance. 

To summarize, there is no completely satisfactory closed string field theory. In this paper, we adopt 
HIKKO's star product to explicitly demonstrate Ea. p.2|) . However, we expect it to hold even if we replace 
it with a Witten-type product. We will come back to prove it in our future paper We would like to 
propose this relation as a universal characterization of the boundary states in closed string field theory, 
which is independent of the specific proposals for the action. A merit to use HIKKO's approach is the 
analogy of the action with Witten's open string field theory. If we want to have an analogy with VSFT 
proposal, this gives a good reason to start from it. 
2 See |12) for a review. 

3 The action for open strings contains 3-string and 4-string vertices besides a kinetic term. 



We note that HIKKO's * product in Ea. Q1.2j) has different properties compared with Witten's star 
product in open string field theory. It may be summarized as the following relations: 



= _(_l)l*ll*l^r*$ j 

($ * *) * A + (-1)1* Id* l+l A D(^ * A) * $ + (_1)I A KI*I+I*I)(A * $) * * = 

Q($ * = Q<& * * + (-1)1*1$ * Qtf . 



(1.3) 
(1.4) 
(1.5) 



First of all, the product is (anti-)commutative (jl.3j) . While it breaks associativity, it satisfies the analogue 
of Jacobi identity Q1.4JI . In a sense, it has the same property as the commutator of Witten-type open string 



we cannot interpret the equation (|1.2|) as defining a projector. In the following, however, we will continue 
to use the word "projector" to describe the state that satisfies Ea. (|1.2|) because of the similarity with the 
discussion of the open string. 

We conjecture that Ea. H1.2|) gives a good characterization of the conformal invariant boundary. For 
this purpose, we calculate an infinitesimal variation of the boundary state of the following form, 



where V(cr) is a vertex operator inserted at the boundary. We argue that the idempotency condition (|1.2j) 
requires the vertex V to be marginal. We will prove this expectation for the tachyonic state and the 
massless vector state. For such variations, this gives the mass-shell condition for these open string modes. 
In a sense, the idempotency condition knows the mass-shell condition of the open string while they are the 
equation for the closed string states! 

We note that our argument is very similar to the discussion of vacuum string field theory. For example, 
use of the variation of Eq. (|1.2|) to derive the mass-shell condition for the open string states was examined 
in the VSFT context by Hata-Kawano 17 and Okawa 18 . In particular, in the latter approach, the 
marginal deformation was made over the whole boundary. This is basically the same variation as Ea. (|1.6|) . 
The difference is, of course, the Hilbert space where the projector lives. In VSFT, to describe such an 
projector, we have to consider singular states. For example, the sliver state is made by taking the infinite 
star products of the vacuum state. On the other hand, our closed string description does not include such 
a singular manipulation. The boundary state is a well-defined state in the boundary conformal field theory. 
In this way, we can escape from the subtleties of VSFT. 

The paper is organized as follows. In section [2J we give the explicit definitions of the boundary states 
and the 3-string vertex which are discussed in this paper. We will then present our claims more precisely. 
The proof is given explicitly in the following sections which are rather technical. In section |3] we prove the 
idempotency relation of the boundary states. We need many properties of the Neumann coefficients which 
are summarized in appendix [UJ In section |1] we investigate infinitesimal variations around the boundary 
state and derive on-shell condition of open string on them. In section [SJ we discuss some issues of our 
results. 




|*[[*[^ +Witten $ gince the nature of the p ro duct is different, 




(1.6) 
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2 Boundary state and star product of closed string field theory 



2.1 Boundary states 

The boundary states \B(F)) which we are going to discuss are those for Dp-branes with constant field 
strength F^ [T§] . 

\B(F)) = e-^'^'^^S.M^^+W'j^.o^i^ {21) 
0^=[{l + F)-\l-F)Y u , M ,i/ = 0,1,--- ,p, (2.2) 
O l j = -5), i,j=p+l,... ,d-l . (2.3) 

x^ (/i = 0, 1, • • • ,p) are the coordinates along the Neumann directions and x % (i = p + 1, • • • , d — 1) are 
along the Dirichlet directions 4 . We use the letters M, N (= 0, • • • , d — 1) to represent all these directions. 
We put d = 26 since we are considering bosonic string theory. These states satisfy the following conditions: 

^X i (a)\B(F))=x i \B(F)), (2.4) 

P»-F Mi ,^X») \B(F)) =0, (2.5) 

7r c (a)|S(F))=7r c »| J B(F)) = 0. (2.6) 

The boundary states are invariant under BRST transformation Qb\B(F)) = 0. 5 O is orthogonal OO t = 
O t O = 1 since F„ v is antisymmetric. Along the Dirichlet directions, this matrix becomes trivial in the 
sense: ("4r^)*j = 0> DU ^ zero m °des have nonzero momentum. The oscillator representations of Eqs. ()2.4l - 
12. 6|) are summarized in the appendix ITJ1 



2.2 Reflector and 3-string vertex 

HIKKO's star product for the closed string is a covariant version of light-cone string field theory. It is 
defined by the reflector (R\ which maps a ket vector to a bra vector and the three string vertex | V(l, 2, 3)) 
which lives in the tensor product of three closed string Hilbert spaces : 

|$i*$ 2 } 3 = j dc^dcgKi^M^V (1,2, 3)}, (2.8) 

4 We summarize our notation of the oscillators and the vacuum state in appendix^ In particular, we use c to denote the 
anti-ghost (usually written as b) by following HIKKO's convention. |13II14| For ghost zero mode convention, we use 7r°-omitted 
formulation (section VB.in Ref. |14p. 

5 This property is essential to couple the boundary state as the external source to closed string field theory. The authors of 
Ref. (2D] proposed such an action 

St* = ^ { \® ■ Qfl* + 1$ .($*$) J + B(F) ■ $ + I{F) , (2.7) 

namely, Qb\B(F)) = is necessary to satisfy the gauge invariance of Stot- This was the first example where the boundary 
state appeared essentially in closed string field theory. They used this action to derive open string action (Born-Infeld action) 
and proved their gauge invariance through string field theory. An unsatisfactory point was, however, that one needs to put 
the boundary state by hand from outside. Our study starts from a hope to derive it within the framework of closed string 
field theory. 
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2)|$)i . 



The reflector is defined by ^1] 
(R(l,2)\ = 



«2 



x exp 



E (<4 



±)(1) . „(±)(2) + _(±)(1)=(±)(2) _ -(±)(1) (±)(2) 



±,n>l 



x ^( x (i) _ x ( 2 ))5(4 1) - 4 2) )2vr5(ai + a 2 ) . 
The 3-string vertex |V(1,2, 3)) is given explicitly in terms of oscillators as 6 
\V(1,2,3)) = f 0(1,2, 3)[m(W)]VVV 3) 

x J] ^l + -^=^ r) 4 r) ) e i? ( 1 ' 2 ' 3 )|pi,ai)i|p 2 ,a 2 ) 2 |p 3 ,a3>3 



F(1,2,3)=X;E e 

± r,s=lm,n>l 

± r =ln>l 
P := Qip 2 - Q-2PI , 

4 r) = ^EEE<^ (±)(s)t r 



(±)(r)f . „(±)(fl)t 



M±)Wt 



4aia 2 a3 



m— 1 



7/J 



± s=1to>1 



n=l 



2, 3) = exp ( -T V — ] , 



„rst 



(a 4 := «l , e = +1) 
3 



TO 



E lo § 



O:, 



r=l 



P 



(') 



5(1,2,3) = 

de 



d d p\ d d p2 d d p3 dati da,2 da. 
(2n) d (2n) d (2?r) d ^/Tl^r^Tr 



3 {2ir) d 5 d { Pl +P2+ p 3 )27r<5(ai + a 2 + a 3 ) , (2-17) 



2?r 



n>l 



The coefficients are Neumann coefficients; N^ n 



,(±)t . fl (±) + r (±)tp(±) i p(±)t r (±) 



(2.9) 



(2.10) 



(2.11) 



(2.12) 
(2.13) 
(2.14) 

(2.15) 
(2.16) 



(2.18) 



mN^. Their definitions 

and some formulae which they satisfy are given in appendix O is a projector to impose the level 
matching condition AE = AE on the zth string. Note that we can rewrite some of the above as 



P = a±p 2 - a 2 pi = a 2 P3 - a 3 p 2 = a 3 pi - aip 3 



p2 3 2 

f_ _ \ ^ P r 

4ai«203 ~y 4a r 



(2.19) 



°This is the same as |V'(1, 2,3)} in Eq.(5.15) in |14|. which is the 3-string vertex in 7r°-omitted formulation. 
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in the presence of ^-functions which impose p\ + p 2 + p 3 = and a.\ + a 2 + a 3 = 0. 



The 3-string vertex |V(1,2,3)) is determined by the overlap conditions (FigEJ, 




eiX (1) (ai) + G 2 X (2) (a 2 ) - X (3) ((j 3 ) = , 
6iaic (1 Vi) + e 2 a 2 c (2) (cJ2) - a 3 c {3) (a 3 ) = , 
6ia^ 2 c (1) (ai) + 9 2 a 2 2 c (2) (cj 2 ) - afc^(a 3 ) = , 
O^a) = e(jT\ ai \ - \a\) ,@ 2 (a) = 9{\a\ - Tr\ai\) , 



(2.20) 
(2.21) 
(2.22) 
(2.23) 




(2.24) 



where — vr|ct3| < a < tt\o. 3 \ and 014 (i = 1, 2, 3) are real parameters with the constraint at + a 2 + 03 = 0. In 
light-cone string field theory, they are interpreted as the light-cone momenta which are preserved at the 
interaction. In the covariant theory, they become the external parameters which characterize the overlap 
conditions (|2.2UM2~2*2*|) . We note that the above conditions are for the particular case | ct 3 1 = |«i| + |a 2 | and 
we need some modifications for other choices. 



Figure 2: Overlapping configuration of three closed strings. Strings with the labels 1,2,3 whose length 
parameters are \cti\, |a 2 |, |«3 1 (= |«i| + |a 2 |) are parametrized by <7i, 0^,03 (— -k < o r < it). 03 = ±7r(/3 + 
1) (/? := ai/a 3 ) are interaction points on string 3 which correspond to o\ = ±7r,cr 2 = on string 1 and 
2, respectively. 

2.3 Main results 

At this point, it is possible to make a precise statement of our results, given as follows. 

1. We slightly redefine the boundary state \B(F)) (i) by multiplying Co to obtain the correct ghost 
number of closed string field in the physical sector in gauge-fixed action ^3] and (ii) by including the 
string-length parameter (a parameter) 








e 



-a 1 



,(+)tOa(")t c (+)tg(-)t +c (-)tc(+)t 



cob/x = 0,x\a) . 



(2.25) 



We claim that it satisfies the following relation ("projector equation" with the ghost insertion): 



$ B (ai) * $B(a 2 )) = c B \$B{ai + a 2 )) 



aia 2 > 



(2.26) 



G 



d 

cb = Vd- v -\ c -gz- , (2.27) 

c = e-^+^CW"^) (det(l - r^))-^ 2 )/ 2 , /5 s . (2.28) 

ai + a 2 

Vrf_ p _i is the volume of the Dirichlet directions. The matrix r is given by, 

/?(/? + l)(mn)3/a - (3) f - (3) f - (3 ) _ T(- m f})e^**W-V+V**\W) 

m + n Jrnln , !m~ m[T{ _ mf3 + X _ m) ' ^) 

c depends on the ratio of a parameters. 7 
2. We consider the infinitesimal variations of $>b of the following form: 8 

5 T \$ B (a)) = ^|pW^(-)|$ B ( a )} ; (2.31) 

6 v \$ B (a)) = f^(V^Cud a X»y^ X ^\$B(a)). (2.32) 

The first (second) one corresponds to the tachyonic mode (vector particle) of the open string. The 
infinitesimal variation of Ea. (|2.26|) . 

<5|$ s (ai)) * |$ jB (a 2 )) + |$s(ai)) * ^|*s(a 2 )) = c B <5|$ B (ai + a 2 )) (2.33) 

gives the following constraints: 

= 2 , (for 5 = <5 T ) , kpGTkv = , (for 5 = <V) , (2.34) 

where 



[(l + F)- 1 T,{l-F)- 1 ]' tt ' (2.35) 



is the "open string metric" on the Dp-brane. These are precisely the mass-shell conditions for the 
tachyon and the vector particles. 

The other part of the physical state conditions for the vector particle, the transversality condition 
k u G u ^C^ = 0) becomes rather subtle. At the level of the "equation of motion", the coefficient of 
this factor takes the form x oo and we can not make a definite statement without more precise 
knowledge of the regularization scheme. 

We note, however, that the variation (J2.32|) is invariant under the gauge transformation; namely, if 
we change 

Cm ^ + (2.36) 



7 While we have not succeeded in determining it analytically, we can numerically evaluate it by truncating the matrix r to 
L x L. We find that a good fit of this coefficient is 

log(c) ~ 3 log(L) + 7.07 + 0.866 ((3 2 + (3 + 1) f - log| ^ +1| j . (2.30) 

At L = 100, the error is about ±0.02. This estimate shows that c/L 3 is a finite and well-behaved function of (3. 
8 Normal ordering which is necessary here is defined in appendix ITU 
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in Ea. (|2.32l) . 6v\^b(oi)) is not affected at all since the change can be written as the total derivative 
with respect to a and it drops out after the integration, 




(2.37) 



In this sense, the gauge symmetry is automatically encoded in the vector particle. 

One may give an intuitive proof of the projector equation Eg. 1)2.26(1 . We note that the boundary condi- 
tions (|2.4H2.6|) for \B(F)) and the overlap conditions (|2.2()tJ2~2*2*|) for |V(1,2, 3)) are the local requirements 
on the boundary, namely they are defined for each a. Therefore, if we impose the same boundary conditions 
for |£?i) and \B-i), they are translated into the same boundary conditions for \B\ *B 2 ) of the corresponding 
point. Since the boundary state can be determined from the boundary conditions up to the normalization, 
\B\ * B2) must be proportional to the same boundary state. More explicit proof of this identity in terms 
of the Neumann coefficients becomes, as we see below, rather lengthy while it is mostly straightforward. 
We have to use many nontrivial identities of the Neumann coefficients. In this sense the computation 
illuminates a special role played by the boundary state. 



3 Proof of the idempotency of the boundary states 



In the following sections, we give the technical details of the proof of Eas. (|2.261 12.34)) . We first derive the 
star product of the boundary state which includes the additional linear term in the exponential. It will be 
used to give the source term to derive the variation of the boundary state. 



We consider a tensor product of the boundary states 
where we used abbreviated notation, 



ei atWat - Aat e- ct ^4 1) bi»«i>®^ ,) |P2.«2> 



M 



t (+)t 
,(-)t 



,(±)t 



'^MN d-mn $rs 



Ji)(±M 

„(2)(±)/4 



mn u r 





similar notation for c, c , 



O g$mn$rs 



Og &mn &rs 



A=(a«,aH), a<±) = (A«(±) , xgOW) , r „ 



1,2; m, n = 1, 2, 



, 00 . 



(3.1) 

(3.2) 

(3.3) 
(3.4) 



We note that O g = 1 for the conventional boundary state. We include this extra degree of freedom since 



there exists another choice O n 



-1 which satisfies the projector equation as we will see later. 



The corresponding bra state is obtained by applying the reflector and projectors, 



($i|p(g> ($ 2 1 



J ~2tt 2tT 



(-Pi, -«i|co ® (-P2, -«2 



=(2) UMa+X a cM g c 



(3.5) 
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where 9 

X d = (A(+) 9 , A^) , = (e^AW(±) , e^A^W) . (3.6) 

We take the inner product between this state with the 3-string vertex H2.11|) . For this purpose, it is 
convenient to rewrite the factor in the exponential as 

F(l,2,3) = 1 aW + at ■ M + a^N 33 a^ - - T ° P 2 
2 4«ia2Q ; 3 

W^c 1 " + c f • p + a ■ c f + 4 3)t C5iV 33 C-5c( 3 )t , (3.7) 

where we introduced some notation, 

/ n \ / iV 11 iV 12 \ / n q \ / iV n iV 12 \ , N 

" = *™( „)' o n J' ".= (4 A' 22 J 

iVr^a^iV-C-^a; 1 , C mn = m,5 mn , (3.9) 



^=UhJ' ^ -U 23 « (3)(±)t +k 2 pJ' (3 - 10) 

( p (+) \ (±) ( ^v 13 ci 3)(±)t \ , , 

(a« , at")) , = ( C ( 3 )( ± )tiV 31 , c^WtiV 32 ) . (3.12) 



By taking the inner product with the aid of the useful formulae Eas. (jB,2j) . (|B.4l) . in the appendix, we can 
arrive at the following general formula after some calculation, 10 

|*l**2) = cp j) ^^-e Hm Ce H °c \p 1 + P 2,a 1 + a 2 ) , (3.13) 

c = [p(l,2,3)] 2 det~^(l-MiV)det(l + iV 9 M g ), (3-14) 

H m = I a tiV 33 at + iiV 3 (a(+)t + a(-)t)P ^P 2 

2 2 4010203 

+-fiM(l - NM)' 1 ^ + A e (l - NM)' l n + ^X e N(l - MN)" 1 ^ , (3.15) 

H g = c ] C^N 33 C~h ] - (r(l + MgNg)- 1 M g p , (3.16) 



n=l 



x 1^+ E (^^^-^rHa-o^-^^r^jj . (3.17) 

r,s=l,2 

In the derivation of this formula, we do not use the information of the particular form of M. In this sense, 
this gives the general formula for the star product of the generic squeezed states of the form (|3.1(l . 
9 The elements of M, M g do not change by p because of the form 13.31 . 

10 In this expression and in the computation in the following, we omit the suffix ' 3 ' in the oscillators. The vector should 
be interpreted as (a!i' 3 " + ^ , al^ 3 ^- ' t ) T . The same convention is also applied to c and c. 
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This expression looks hopelessly complicated. In particular, the appearance of the inverse of Neumann 
coefficients, (1 — NM)^ 1 or (1 + N g M g )~ l in H m and H g , looks unmanageable and even singular for generic 
M. 

A major simplification occurs, however, when we replace the matrices M, M g with those of the form 
(|3.3|) . In this case, one may use 

{l ~ NM) '{no? 1 ) -{-CF n (l-n*)-i (1-nV J' ( } 

and similar one for the ghost sector. We note that O and n commute with each other since the matrix 
O acts on the Lorentz indices while the Neumann coefficients acts only the level index. The problem is 
reduced to deriving the inverse (1 - n 2 )™ 1 . At first look, this is singular since the relation (|C5|) among 
Neumann coefficients implies 

(l-n 2 )- m = ^iV;fiVt (r,s = l,2). (3.19) 

I 

On the left hand side, the size of the matrix with respect to the indices {(r, n), (s, m)} is "2 x oo" whereas 
the summation on the right hand side is taken over "oo" set. If we naively regularize the Neumann matrices 
N r3 ,N 3s (r,s = 1,2) by truncating their size to L respectively, the rank of (1 — n 2 ) becomes L while its 
size is 2L. 

It is a surprise that, contrary to this naive expectation, it has a well-defined inverse. This is a specialty 
of the infinite dimensional matrices. For the explicit computation, we need detailed forms of the Neumann 
coefficients 

Ktn = s„5 mn -2(AWr~ 1 AM) mn , r m = -(A«r-'B)„, (3.20) 

4& = -^(-ir+"^q§, AlS = --^(-ir ( ^ 1) " 2 ) . (3. 21 ) 

7r n z — m z p z ir n z — m z {p + l) z 

A® = 5 mn , B m = _ J^ m -3/2(_ irsin ( m7r/?) , Tmn = Smn + V (A^A^ T ) mn . (3.22) 

ira ia2 ^ 

A^ and B describe the overlap of Fourier basis of three strings at the vertex. A crucial property of A^ 
(r = 1, 2) is that they have an inverse, which was proved in |21j . 



V- A (r) D (r) = 1 D (r) A (s) = ^ D (r) _ _^3 C A (r)T c ~l / S = 1, 2) . (3.23) 

By using this inverse, one obtains the inverse of 1 — n 2 , 

(1 - n 2 )- = AA^ T T~ 2 A^ =► ((1 - n 2 )~ l Y s = l -D^T 2 D^ T . (3.24) 

With this remark, we derive the following relations which are essential to show the idempotency of the 
boundary state, 

A>33 + ^ iV 3r n r *((l - n 2 )- 1 )* 5 ^ 3 = 0, N^iil-n 2 )- 1 )''- 3 ^ 33 = 1. (3.25) 

r,s,t=l,2 r,s=l,2 
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We list many other formulae for Neumann coefficients in appendix O 

In the next section, we will need cut off the range of the lower indices of the Neumann coefficients to 
obtain a finite result. We need impose the condition that Y,e nas the 

inverse as mentioned 

above even in the finite size truncation. This observation will have an important consequence later. 

Now we come back to the computation of * product. By using the relations (|3.25|) . we can simplify the 
gaussian part of Ea. (|3.13j) . We neglect the A dependence for the moment since they are not relevant in the 
proof of the idempotency of the boundary states. The exponents (|3.15|) and (|3.16j) are 

H m = -a) Ma) - - I a {+) ^ ^— + a (_)t — ) BP - -P^—PB T B 

2 2 V 2 2 J 82 

+ -Ai T 7 T7 ^(M 2 - l)u , (3.26) 

2 P (1- NM){\- N 2 y V ' 



for the matter sector and 

H g = -JMgtf + [Ol - 1) JC^N'f ( — V*(, — ) NfC-^d (3.27) 



for the ghost sector. These expressions are further simplified by the following conditions 

o o 1 + O t 1 + O , 

M = 1 , M 2 g = 1 , — P = — !— P = (3.28) 

y 2 2 

<-» O t O = 1, O g = ±l, i±^(a lP2 -a 2 pi) = (3.29) 

which are satisfied automatically for the conventional boundary state (|2.25|) . After we use these relations, 
we arrive at the final result, 

H m + H g = -a) Ma) - c ] M g c ] . (3.30) 

We note that commutativity: [M, N] = [M g , N g ] = which follows from Ea. ()3.3|) and unipotency of M, M g 
(|3.28|) are sufficient conditions to derive this form. 

The ghost prefactor C in Ea. (J3.13|) becomes 

C = — + -a 3 (w 33 + w 3s O g C-^{(l - Ognr^N'' 3 ^) (c<+>t + C Ht) . (3.31) 



It is simplified further for O g = +1, 

C + = 1 ^ + ^a 3 (w 33 -yw 3r C- 1 2D^C 1 A(c^ + c^) = ^, (3.32) 



dc 2 \ ^ j dco 



and for O g = — 1, 



" dc + 2 



l -a ?> (w 33 + J2w 3r C- 1 iA^ T C^ (c«t + c Ht) (3.33) 
' +^cos(n7r(/3 + l))( C ( l + )t + c (-)t). (3.34) 



dc 

n=l 
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At the final stage in Eas. (|3.32l3.34[) . we have used relations [T3] 

m— 1 \ -i / oo 



m [X rs ' 



-1- \ 1 / _ \ 

+ — Y] ^m-n.n = ~ <*r, a COS Did, - m V N^ n COS TUT r , (r, S = 1, 2, 3) 

\ 71 = 1 / \ 71=1 / 

where <j\ = 7r , a% = , 03 = ir((3 + 1) . (3.35) 

After computing, the normalization factor c is 

c = [/i(l,2,3)] 2 (det(l -n 2 )Y^ 

= e - 2 (^ + , + l)(^-^) ( det(4j4W T r - 2j4(s ) )ri ^ ij2 )-(- 2 )/ 2 . (3 . 36) 

The second factor is simplified by det(4(Y% =1 AW A^ T )r~ 2 ) = det(4(r - l)r- 2 ). After we use the 
expression iV 33 = 1 - 2r _1 and the relations (|C.1HC.3|) in appendix we obtain Ea. (|2.28j) . 

Thus far, for the string field 

|$ (p,a)) = e-^^^-^+^CcWteC-Jt+oC-JteWt)^!^^^ q t O = 1, O g = ±l, (3.37) 

we have derived 

|$o(pi,ai) * ^o(P2,«2)) = cpC±|$ (pi +P2,ai + 02)) (3.38) 

with nonvanishing momentum only along Dirichlet directions 11 where c, C± are given by Eqs. (|2.28|) . (|3.32|> . 
(|3.34j) . respectively. Note that in Eq. (|3.38j) . the ghost prefactor C_ can be regarded as C+ since the second 
term in Ea. H3.34[) vanishes after projection by p. 

In the case of O g = +1, the final result Eq, (|2.26j) with the volume factor is obtained by Fourier 
transformation along the Dirichlet direction (x l ) 

jd-p-l 

' e~ ipiX \Pi), (3.39) 



d-p-l 



(27T) 

d d- P -l pi d d- P -l p2 d d-P-l p3 .d-p-ud-p-u M , M \ I \ I \ 

( 27r )rf- P -l ( 27r )d-p-l ( 27r )d- P -l l( X ll2^2l(27r) 5 (P1+P2+P3)|P1)1|P2) 2 |P3)3 



/ 



g.ei^-^J'P* y ___Z_ e ^i| _ p)3 = ^-f" 1 ^! - x 2 ) |4) 3 . (3.40) 



(27r)«*-P-i 

In the case of x\ = x\ as Ea. Q2.26[) . we set the divergent coefficient <5 rf-p-1 (0) in the last line as Vd—p-i- 

Finally we make a few comments on the analogy with VSFT. We note that there exists an extra solution 
of idempotency relation, the |$o) (|3-37|) with O g = —1. The ghost prefactor C_ can be rewritten as 



C_|<D > = ^ (Mtt(/3 + 1)) + i7r g (-7r(/3 + 1))) |$ ) , (3-41) 

where cr 3 = ±7r(/?+ 1) are the interaction points of the string r = 3. It has a similar form to BRST operator 
in VSFT 4 : c(n/2) in Witten-type open string field theory; namely, if we regard the "projector equation" 
n The condition for momentum comes from J M^-(aip2 — «2Pi) = in Eg. 13. 291 , 
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l|3.38j) as an analogue of the equation of motion of VSFT, the string field |<j?o) with O g = — 1 corresponds 
to Hata-Kawano's "sliver-like" solution of VSFT. [22] On the other hand, in the case of O g = +1, |$o) 
corresponds to "identity- like" solution of VSFT [23] with the same analogy of C + = ^ ~ cq. Although 
there are two choices for ghost sector: O g = ±1 for Ea, ()3.38|) . only |<3?o) with O g = +1 relates to the 
boundary states (|2.1j) which have conventional BRST invariance. In the following section, we discuss only 
|*b> (EH*} with O g = +1. 



4 Fluctuation around projectors 

In this section we consider two types of fluctuations Eas. H2.31l2.32|) around and demonstrate explicitly 
that the idempotency condition (|2.33f) produces the on-shell conditions (|2.34j) for these particles. We note 
that the variations of the type 

\S*B)=f^V(a)\* B ), (4.1) 

correspond to the open string modes on the D-brane (see, for example JH])- We conjecture that the 
"equation of motion" Ea. l|3.38|) will produce the on-shell condition for all of them, namely, they should 
be the marginal deformation on the boundary. We pick the simplest two examples to illustrate this idea 
explicitly. 

Before we start the computation for these cases, we give a few technical remarks. 

1. By using Ea. (|3.13|) with nonzero A as the generating functional, we will compute the left hand side 
of Ea. H2.33|) . Explicitly, for a fluctuation 

|^ B ) = 4t )t ---< )t ^ Aoa >B), (4.2) 

we can compute * product as 



\5$b * ®b) 



and \&b *S&b) similarly. 



4-V-f-^)l(e-^B)**B> 



9\ni J V d\ ni 



(4-3) 

A=A„ 



2. From the definition of the tensor product of the boundary states, Eq. (|3.1|) . we can define projection 
matrices V± as 12 

V ± = ^ (4.4) 

which satisfy 

Vl = V± , P±=V±, V±V T = , V+ + V. = 1 , (4.5) 

because of Eqs. ([3.29|) , These projection operators are useful for classifying the external source term 
into odd and/or even parts under the reflection at the boundary and for simplifying the computations. 



l M in the following should be interpreted as Eq. l3.3H with 8 rs dropped. 
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3. A-dependent terms of the exponent in Ea. (|3.13|) can be simplified by using the identities of Neumann 
coefficients ( appendix IC.3JI . 13 



r,s=l 

\ \^r V _ ( Sr s _ D (r) D (s)T^ <p_ X is)0 % (4 6) 



4 

r,s=l 



.at 



X e (l - NM)~ V = - ^ r)9r V + A^ T TW ~ Y, ^ r)6r V-D^V- 

r=l r=l 

^AW^+^B 1+ 2 oT P-TA^_DWfi ^ P. (4.7) 



4^ l J 4 

r=l \ 2 / r=l 



4.1 Tachyon type fluctuation 

We consider tachyon type fluctuation of the form Eq. (|2.31f) . After we use the identification of the oscillators 
on the boundary state (ID.IHD.S"^ . ^.!^!) . the variation takes the following form, 



/dcr 
-£-V T (a)\<S> B (a)) 



e 



ik iX * 1 ^ e - a ( + )to a (-)t„ ACTa t eC ( + )t £ (-)t +c (-)t c -, + )t_ o| ^ )a;i)a) ^ (4 g) 



da 

i + cr y e- inu n + o y e ina 

2 / „ \fn V 2 / ,, \fn 



= -k{cosna)C-2(l,l)T + +ik(smna)C-2{l,-l)T- , (4.9) 
Xf = 0. (4.10) 

We need some explanations on our notation. The bra vector (cosncr) (or (sinner)) has only the level 
index n and whose ra-th component is cosncr (or sinno"). In this notation, we may also write, for example, 
(cos(n<j) jyfn) = (cos(n<7))C -1//2 and so on. The other bra vector (1 , 1) has the index ± which distinguishes 
the left and right movers. Finally V± have the indices of Lorentz and left/right ± as was defined in 

Egs-fEIMED- 

The integration with respect to a appears automatically because of the projection p in the definition 
of the * product (|3.13|) • 

We investigate "on-shell" condition which is imposed by Ea. ()2.33|) . We evaluate the * products 

ik^ I d dl Ei c (+)tc(-)t+ c (-)tg(+)t i 



|(Fr(<7)*B(ai))** fl (a 2 )) = c B pe^ x $ " c " ' ' +c ' ' ' c ^' c |^, x\ a x + a 2 ) , (4.11 

JkiX* 1 * R, c (+)tc(-)t +c (-)tc(+)t 



|*B(ai)*(F r (ff)*B(a2))> = c B pe^ x j> ^e^e ci ' r ' ]cy -" +ci -" cK ' r "c \k fl ,x\a 1 + a 2 ). (4.12) 



13 We denote A< r > 9 ' = (X^+^, \W°r) = (e'^\ ( n r)M , e**A< r ' ( - ) ),r = 1,2. 
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The calculation of E\,Ei is reduced to that of H m in the previous section, Ea. (|3.15|) . We have already 
evaluated first four terms while we need to keep the nontrivial k dependence. The last two terms are 
simplified in Eas. l|4.6|) . (j4.7j) . In the computation of E\ we put A^ 2 ) = 0. 

E x = Ef ] + E\ 1] + Ef\ (4.13) 
E f] = _ (+)t 0o (-)t , (4.14) 

Ef ] = -l( a (+^l^ +a (-^l+^ a2 Bk-X^V+A^ (4.15) 



a 



2BT Bk ± + V k _ t x *+e ip A (i)T B 2 \ k _ Lx^P^aoB 1 2 



E? = -fB 1 Bk—^k - -X^V+AW a 2 B ^ ^ I k - -\^V„D^a 2 L ^ ^ ^ 

+ I A -+^P + f 1 - AWAW) V+X^ - -X^V_ ( 1 - D«D« T ) V_X° +9 i . (4.16) 



The quadratic part in the oscillator E^ is the same as the boundary state. To calculate isj and , 
we need to evaluate the inner products between the vectors (cos no)C~ l l 2 or (sinncr)C _1/ ' 2 with matrices 
A T ^ and £>W. They are reduced to the calculation of Fourier transformation which we explain in detail 
in Appendix |0 Eas. (|C.30HC.46|) . They simplify the linear part dramatically to 

E f = -A-^+^+V . (4.17) 

This is identical to the linear part coming from the tachyon vertex. The constant part is similarly computed, 
as follows: 

,,2 A /.^2, 



1 2 2 



m=l v 7 



+ J]) ooBm^ + ^ooBn^ + ^l^-^-l^f; ) (4.18) 



m,n=l \ p 




ST , . , , 4mn(-l) m+ " x - sin 2 p7r/3 



^ z — < p(m 2 — p 2 3 2 )(n 2 — p 2 3 2 

m,n=l \ p=l v 

The overall factor of E 1 ^ becomes 

ri i f)i i n T ~\ tJ,u 

[(1 + FrVl-F)- 1 ]^- (4-19) 



1 1 + 1 

—A; - A: = —k^G^ k v , C := 



2 

is "open string metric" on the Dp-brane. 

We evaluate the numerical factor [• • •] in Ea. (|4.18|) . The quantities in the first line are convergent. On 
the other hand, the evaluation of the terms in the second and third lines are very subtle. Two terms with 
5 mn can be summed to give Ylm=i V m which diverges logarithmically. The summation of the other two 
terms, if we first perform Ylmn=i using Eqs. (jC.30|) . (|C.31|) . gives again — X^li Vp> which is divergent but 
with negative sign: 

?2 



53 cosro(<7 + 0i)cosn(<7 + 0i) — ^-(-l) m+n 53 



m,n=l 



i\m+nX~^ psin pud 

V 2 



J {m 2 —p 2 8 2 ){n 2 —p 2 B 2 ) 
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+ ^2 smm(a + 6\) smn(a + 8i) 



4mn(—l) m+n ^ sin 2 p7r/3 



m,n=l 



^—^ p{m 2 — p 2 f3 2 )(n 2 — p 2 (3 2 



4^ 2 n ( ( 1 7rcosp^(cr + (9i)\ 2 1 (irsmpBia + OiY 
x , sin pvr/3 p —r—, — — — + 



ir 2 y \2p 2 B 2 2p3smpir8 J p\ 2sinp7r/3 

= / sin 2 p7r/? | 2sinp7r/?cosp/3(o- + gi) 1\ 
y ir 2 p 3 (3 2 Tip 2 (3 p J 

The summation of the first two terms are finite and exactly cancel with the first line of Ea. (|4.18j) . As for 
the third term, we encounter subtle cancellation of the form [• • • ] = Ylm=i m ~ Sp=l p = 00 ~~ 00 • We 
need some regularization to obtain a finite result. 14 For this purpose, we cut off the infinite dimensional 
matrix for A^'\ As we commented in the previous section, in order that has the inverse in the 
sense of Ea. (|3.23j) . we should regard A P m (r = 1,2) (resp. Dmp) as sub-blocks of an infinite dimensional 

square matrix A = [A^ , A^- 2 ^ (resp. D = ^ ^). With these combinations, the relation Eq. ()3.23j) 

becomes simply AD = DA = 1. In the cut-off regularization, we demand A, D to become L x L matrices 
with a large integer L. It implies that the sub-blocks A^ become rectangular matrix with size L x L r 
with L\ + L 2 = L. In the following, we demand 

Li : L 2 : L -> a\ : a 2 : («i + a 2 ) = (-/?) : (1 + /3) : 1 , as L -> 00. (4.21) 

An explanation of this division is to come back to the definitions of A^ summarized in the appendix 

(r) 

(C.l). The first lower index p (resp. the second lower 771 ) ill -A-pm labels the Fourier bases cos (2x7/0:3) (resp. 
cos(mcr/ai) or cos(m(<7 — TTai)/a 2 ))- Cut-off of the label p by L is equivalent to discretizing the world 
sheet parameter a to L points. Through the overlap given by the vertex, there exist L\ = a ^ a L = —8L 
(resp. L 2 = a ^ a2 L = (1 + P)L) points on the first (resp. the second) closed string. While this reasoning 
may look weak, it turns out to be the unique choice which correctly produces the open string spectrum 
including higher modes. 

With this regularization, we obtain 

[...]= Km I N..22) 

L^oo I z — ' m z — ' p 

\m=l p=l 

We have obtained a very compact result for E\, 

Ei = -a^Oa™ - A^+^+V + l ^t^l kfl G^k v . (4.23) 
We can derive E 2 similarly, 

E 2 = -a« W~)t - \-(e+^-°-°i)a^ + bg(1 + P) k^K ■ (4.24) 



14 There was a similar subtlety of the tachyon mass around the sliver solution in the oscillator approach of VSFT which was 
proposed in |17| . As was shown in |24 | .|25 | . the correct mass was reproduced using a regularization of the Neumann matrices 
although it becomes divergent if one uses relations among them naively. 
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Coming back to Eas. (ICTT) . (IIT^l) . (11^31) . (12^1) . 

|*HM«l) * **M> = CB y ^(-/3)§^ G ^pe^ y ^ e -«WtO«C-)t-A-/'(^i)-Hrat 

c (+)tc(-)t +c (-)t g (+)t_ ,, j i 
= CB (.^Gf^*,.' j ^^ e -aWtOa(-)t-A^' + ^3 a t eC ( + )t 5 (-)t +c (-)t 5 ( + )t_ o| ^ )Xl)ai + 

= {-f3)k^K CB \s T <S> B ( ai + a 2 )) , (4.25) 

and similarly \$b(&i) * <5t < J > b(«2)) = (1 + (3)^ k ^ G ^ k,J cb \5t^b{ol\ + 02))- By putting these two equations 
into Eq. Q2,33J) . our proof of Eq. Q2.34j) is finished: 

\8t®b{oli) * $5(0:2)) + |*b(q!i) * 5 T ^B(a 2 )) = c B \5 T ^B{ai + a 2 )) 
«_> (-fi)h k ^ v k v + ^ + p^knG^ku = 1 

«-► kpG^kv = 2 . (4.26) 
This is exactly the on-shell condition of open string tachyon on the Dp-brane. 15 

4.2 Vector type fluctuation 

Next, we consider a vector type fluctuation of the form of Ea. Q2.32|) . which after using the properties of 
the boundary state (|D.14I) . is equivalent to 

\S v ^ B (a)) =<f^(d°- at) V T (a)\$ B (a)) , (4.27) 

where and d a is given by C M as 

d a = C ^_ 1+ 2 0T e -^,i^e^ = C (i(anno-)C*{l,l)P + - (cos na)C* (1, ■ (4.28) 
We can compute the * product of Oy^s and $5 using the technique of Ea. Q4.3J) : 

lOVMai)) * *b(o2)) = / £ ("^ 1 e " Aat$ B(«i) * ^b(«2)> 



A=A CT 



/da f dQ\ , .u (7^1. „ _ \-/3(o-+«i)+T t 1 t / w 1, nr ^\ 

2tt f 2tT^ p i e |^B(ai + a 2 )), (4.29) 

|$b(qi) * («y v $B(a2))> = / £ (-^ CT ^l^(«i) * e- Aat $ B (a 2 ))^) 

= CBp ftf^ {1 + PP^Vi e-^ +1)( -- e ^\<S> B (a 1 + a 2 )> , (4.30) 
where X a is given by Ea. Q4.9Jl . 

There are three terms which contribute to T>\ : 

V 1 = d a+ei (• • • )a t + d a+dl {■■■)P + d a+ei (• • • )X a+dl . (4.31) 
15 The on-shell condition of the perturbative closed tachyon is p 2 = 8 in our convention after |14|. 
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The main contribution comes from the first term: 



V x = -(3 d~^ a+9l ^ +n ■ a) + ■ ■ ■ . (4.32) 

We show the details of computation and other terms in appendix El Similarly, we obtain T> 2 in Ea, (j4.3Uj) 

as 

V 2 = (fi + l)drW +1 K*- a - ea ) • o f + • • • . (4.33) 

Noting the integration over the interval 2tt which is caused by projection p, the sum of Eqs. lj4.29jl and 
(j4.30j) becomes 

\(6v&B(ai)) * ^B(a 2 )} + \$b(<xi) * (<$v$b(o2))) 
= {{ _ p) ^G^+i + + 0) ^G^k„+i )cBl§v Q Biai + ajj)) 



oo . 2 a 

K^K V Sm P7TfJ c B \5 T ^ B ( ai + a 2 )) + • 
P =l 



.(4.34) 



The remaining finite terms [• • • ] are given in Eq. (jE.8j) . From the first line we have obtained the on-shell 
condition for vector type fluctuation (|4.27|) : 

\(6 v $ B (ai)) * $ B (a 2 )) + \$b(<xi) * (S v ^ B (a 2 ))) = c B \5 v <5> B (ai + a 2 )) 

k ll G fW k v = 0. (4.35) 

The interpretation of the second line is more subtle. While the prefactor vanishes when (|4.35|) is imposed, 
C^G^kv also has a divergent coefficient ^2 sin 2 (p7r(3) /irp. In the regularization scheme we have used so 
far, we can not make a definite statement whether this coefficient as a whole vanishes or not. In this sense, 
it is not clear whether the idempotency relation implies the transversality condition ^G^ u k u =0. We note 
that, as we have already commented, the vector type deformation has the gauge symmetry (j2.37j) which is 
the correct feature of the gauge particle. 

It may be of some interest to compare it with the analysis in VSFT ^7j- While our variation 5y& B has 
a unique form of d a (|4.28j) . its counterpart dn (Eq.(4.29) in Ref. j!7j) of VSFT was arbitrary. Actually they 
are all gauge degrees of freedom in VSFT except for one As for the ordinary gauge transformation, 
it was reproduced only after using regularization [27] . While we have discussed a close analogy of our 
analysis with VSFT, the gauge structure is very different. 

The analysis of higher modes is more complicated because of the treatment of the interaction point. 
However, the leading term for the level n perturbation 5 n has the following simple structure, 

\5 n $ B * $ B > + |*B * Sn$B) = ((-/^Mf-fc+n + (1 + P)\ k ^ k » +n )c B \5 n <5> B ) + • • • , (4.36) 

which gives the correct mass-shell condition for such vertices ^k^G^ky = 1 — n. On the other hand, the 
cancellation of the contributions from the interaction point will give a very nontrivial test of our scenario 
that the idempotency condition of closed string field would give the correct spectrum and symmetry of the 
open string. 
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5 Discussion 



We have seen that the "vacuum version" of closed string field theory embodies the basic goals of the VSFT 
proposal; namely it has a family of exact solutions that correspond to various D-branes. In our case, all 
of the basic types of the boundary states in the flat background (Dp-brane with the flux) appear as the 
exact solutions. Furthermore, the infinitesimal variation of the solutions produces the correct spectrum of 
the open string living on the D-brane (at least lower lying modes) with the correct gauge symmetry. 

What is the "vacuum version" of closed string field theory? Resemblance of the action of HIKKO's 
string field theory 

S= -$Q$ + -$•($*$) (5.1) 
2 3 

with Witten's open string field theory is one of the encouraging points to suspect the existence of such a 
theory. The computation of the tachyon vacuum is parallel to the open string case [2] and will be possible 
at least numerically. As in the VSFT proposal, one may conjecture that the equation of motion at this 
"vacuum" may be written as Ea, H2.26j) . We have observed the close analogies of the structure of the pure 
ghost kinetic term at the end of section |3J At this vacuum, there would be no propagating degree of 
freedom both in the closed and open string sectors. There exist, however, the nonperturbative solutions - 
the boundary states. 

It is tempting to conjecture that, as in the VSFT proposal, the re-expansion of the theory around the 
solution produces open string field theory. By the assumption of the vacuum theory, there is no closed 
string propagation at the tree level. On the other hand, the open string becomes physical. The BRST 
charge at the new vacuum would be 

Q|*) = a 2 — |$)-2|*b**>, $B= lim %- $ B (a), (5.2) 

dc a-*0/oo tp=-l/2Vd-p-l 

which is formally nilpotent by the Jacobi identity, a 2 factor in front of Co derivative is needed to make this 
part a derivation. Here we need to take the limit a — > or oo since a parameter is preserved by the star 
product. More detailed examination of this scenario will be presented in the future study. 

The use of the closed string degree of freedom has a definite advantage in describing the physical 
process involving the D-brane, for example, in the time-dependent solutions of the D-brane decay. In such 
a situation, the role of the closed strings seems more important than the open strings If we use the 
open string fields alone, the treatment of closed strings becomes singular while in our approach it is encoded 
as the fundamental degrees of freedom. Of course, to proceed in this direction, we need to understand how 
the propagating degrees of freedom appear in the closed string sector, which would be the most important 
issue in our proposal. 

We describe our scenario as a possible physical interpretation of the idempotency equation of the 
boundary states. We do not deny the other possibilities at this point. Since Ea. (|2.26j) is a mathematically 
rigorous statement, it will play a fundamental role even if our scenario might not be so accurate. 

Finally we have obtained the boundary states which satisfy the idempotency relation, Ea. (|2.26|) . rather 
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than the equation of motion of full string field theory, 



Q$ + $*$ = 0. (5.3) 

For example, in j^Hj) it was argued that the asymptotic behavior of L ^ \B) coincides with the supergravity 
solution at the linear level. However, at the nonlinear level, it is easy to see that it fails to be the solution 
of HIKKO's equation of motion. The settlement of this apparent conflict is another good challenge in the 
future. 
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A Notations and conventions 



We give a summary of our convention of the oscillators and the vacuum used in the text. The mode 
expansions of basic oscillators are given as follows |14j : 



X M (a) 



V5F1 2^n 



2v^F 



PM + VMM ^2 



c(a) 



2^ 



, i7Tc(a) 



2^ 



2^ + E^+ c -^ eWCT 



(A.l) 



v 1 c n^O 



, ivr c (cr) 



2v^F 



We note that c(a) is written more often as b(a) in the literature. 
Commutation relations of nonzero modes are 

aL ±)U aP] =m5 m+n , 0V MN , {c£>, cf> } = <W,o • (A.2) 

We often use the notation, 

a^ M = ^ M ^ M = VW\a£ m , = 4 ±)f =cS, (m,n>0) (A.3) 
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which satisfy 

r (±)M (±)JVti _ x ^MTV f (±) -(±)fl _ f (±)f .(±) 1 _ § (A4) 
Matter zero modes are represented by ao , aj as 

& = ~ a o )> PM = VMN(a +a '), [a; ,pjv] = ™jv > K >«o ] = ^ > ( A - 5 ) 
and their eigenstates are given by 

( x | = ( |e5 a o+ 2 ^o-x 2 ( 2 ^| ^ |^ = e ^4 a -2ixaJ-x a |o) j ( A .6) 

(x|x M = (x|x M , x M |x)=x M |x>, (x|x'> = <5 d (x - x') , (A.7) 

(p\ = ( | e -^o+«oP-|p 2 ( 27r )l ? | p ) = (2vr)3 e -54 2 +4p-iP 2 |0) , (A.8) 

( P |j5 M = (p|p M , p M |p) = p M |p) , (p\p>) = (27r) d 5 d (p - p') , (A.9) 

(p\x)=e- i * x , {x\p)=e^\ <0|4 = 0, a |0) = 0. (A.10) 

Similarly a-dependent part is treated as an analogue of matter zero modes, 

a\a) = a\a) , (a\a = (a\a , (a\a r ) = (2n)8(a — a') . (A. 11) 

On the ghost zero mode, the bra-ket convention is 

4 |0>=0 - < 'Jr°- (A - 12) 

B Gaussian formulae 

In string field theories using oscillator representation, we often encounter computations of the form 
e aMa e atArat |0). We show useful formulae for this type computations. These are proved by inserting coherent 
states and performing Gaussian integration. 

For the matter sector with bosonic oscillators 

[am,a{] = 5 mn , a n |0)=0, n>l, (B.l) 



we have 



exp ^-aMa + Xa^j exp (^a) Na) + pa^ 



10} 



: exp ( -XN(1 - MN)~ 1 X + -fiM(l - NM)- 1 ^ + A(l - NM)' 1 ^ 



^det(l - MN) V 2 2 
• exp (^(XN + n)(l- MN)- l a) + ^a f N(l - MN)~ l a)^j |0) , (B.2) 

where M, N are symmetric matrices. 
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For the ghost sector with fermionic oscillators 
{c n ,b m } = 5 n +mfl , c n |+} = 0, n>0, 6 n |+)=0, n>l, c+ := c_ n , 6^ := 6_ n , n>l, (B.3) 
we have 

ex.p(cAb + coa6 + cp + ^6 + C07) exp^Bb^ + (3bo + c 1 p + ab^ + <5&o)|+) 
= det(l + BA) det A • e El+E °\+) , (B.4) 

where 

A = l + a(l + BA)- 1 f3, 

E 1 = c f (l + B^)" 1 ^ 1 " + c f (l + BA)" 1 ^ - Bp,) + (yB + <j)(l + AB)~V 

+ BA)" 1 ^ - B/z) - <r(l + AB)' 1 {Ap + (j,), 
E = - c t(l + J BA)- 1 ^ 1 (a(l + BA)- 1 Bb^ - b ) - c f (l + J B^)- 1 /3A- 1 (a(l + BA)- 1 ^ - B/i) + 7) 
-{{u - aA)(l + BA)" 1 /? + 5)A- 1 (a(l + BA) _1 B^ - b ) 

-{{u - aA)(l + BA)- 1 f5 + 5)A- 1 (a(l + BA) _1 (p - Bp) + 7) . (B.5) 

In particular, if there are no terms dependent on zero mode, the above formula is simplified as A = 1 , Eq = 
0. In the computation of Ea. H3.13j) . we use it for a=p=v=j=0 case. 



C Relations among Neumann coefficients of light-cone type SFT 
C.l Definitions of Neumann coefficients 

Neumann coefficients are used to define 3-string vertex |V(1,2,3)) which represents connection conditions 
of string world sheets and encodes string interactions. 

In Eq. (|2.11f) , we used light-cone type Neumann coefficients N™ n , which are explicitly given by 

eh nana: 

N™ n = -a^aJ^ + ^Y 1 N r m K, (C.l) 
V m n / 

N r m = —f m {-a r+1 /a r ) e mr °/ Q '' , (a 4 := «i) (C.2) 

fn(x) = i r( T{nX \ u - (C3) 

n!l (nx — n + 1) 

We also use the notation 

AC := V^N^nV^, N r m := V^N r m . (C.4) 

They satisfy relations 30 

3 00 3 00 3 00 _ 

Y,Y,^pn = 6 r,sS m ,n, EEW = ^' E E = " ^ 

1 2 3 

£=1 p=l t=l p=l t=l p=l 
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(r, 5 = 1,2,3) 

((1 - A^ArXn = S r,sS m ,n + (A^ T A^] 



(r,s = 1,2) 



((A^AyXn = 5 ^m,n + -^-(C A^ C~ 2 A® C) , (r, 8 = 1, 2) 



B T T- 1 B 



2r 



(C.23) 
(C.24) 

(C.25) 
(C.26) 



In particular, the infinite matrices {Amn^Amn) is invertible. 16 Namely, we can find an inverse matrix: 



D$ n = -^(CAW C -i) 



In fact, we can prove 

oo 2 oo 

^ D mkAkn = <WA,s, if, S = 1, 2) ^ ^ Arafc -^fcn = ^Tt.w , 

fc=l r=l fc=l 

directly. These relations are mainly based on the Fourier expansion |21j 

-\) n e iny 



7T 



n + a 



sm7ra 



-lay 



, (-7T < y < vr) 



or 



oo 

i-2aV 



(—l) n cos ny 7r cos ay 



oo 



ra=l 



n 2 — a 2 



sin 7ra 



-7T < y < 7TJ 



E(-i 



n 2n sin ny tt sin ay 



71=1 



n 2 — a 2 



sm7ra 



, (-7T < y < vr) 



C.3 List of useful formulae related to matrix n and iV r3 



We collect useful formulae associated with the Neumann coefficients n and N r3 (see Eg. (|3.8|) 1 : 

((1 _ n 2 )-i)M 



((1 - n)- 1 )^ 

((1 + n)- 1 )^ 

(n(l -n)- 1 )^ 

(n(l + n) _1 )(™ 
J^((l - n) -1 ) ( "W' 3 

s 

^((l + np^AK 83 



I^W^WT = IpW^WT + A (r)T A (s) + 25 (, s)) 

4 4 
1 



l( i ](r}i)(»)T_jM) ) 

.I^M^W-jM) 



(C.27) 
(C.28) 

(C.29) 

(C.30) 
(C.31) 



(C.32) 

(C.33) 

(C.34) 

(C.35) 

(C.36) 
(C.37) 

(C.38) 



16 One might think —^(C 1 yl' r ' T C) mn is also an "inverse" from Eq. lC.16ll . However, this matrix has zero mode 1C.17I . 
This kind of subtlety was noticed in Ref.|F| for Witten's open string field theory. 
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C.4 Some formulae associated with (cos na), (sinner) and A^'\ 



We list some more formulae which we use in computations in 
For the interval — ir < a < tt, 



(cos na)C~^A {1)T 



1 (-l) m 
= -^^Bm H cos mj3a , 

m 2 \/m 



(_l)n 



n t 



sin m(5a , 



(sinnfj)C75^( 1 ) T j = /Vm(-l) m sinm/3cr , 

- m 

/ oo 

(cobtut)C*DW] = -/V^(-l) m cos m/?cr+ V (-l) n cos na + 



(C.39) 

(C.40) 
(C.41) 



l\ (-l) m 2 



\n=l 



771 7T 



Sin TO7T/3 



-/3Vm(-l) m cosm/3cr - [ ^(-l) n cosncr + - ] a 2 f3B„ 

\n=l 2 J 



m . 



(C.42) 



For the interval — tt < tt — a < it, 

(sin na)C~ I D (2) 

(sinncj)C^ (2)T 
(cos na)C^D {2) 



\atxBm + — cos(m(/3 + l)(7r - cr)) , 
2 ^/m 

1 



sin(m(/? + 1)(tt — a)) , 



{(3 + l) v / msin(m(/3 + l)(vr - cr)) 



(C.43) 
(C.44) 
(C.45) 



y^(-l) n cosn(vr - a) + - ^4 — sinm7r/3 



(/3 + l)v^cos(m(/3 + 1)(tt - cr)) - ^(-l) n cosn(^ - a) + c*i(/3 + l)B n 



,m. (C.46) 



D Oscillators on the boundary state 

The conditions, Eas. (|2,4j) . (|2,5|) . (|2,6|) . of the boundary state \B(F)) corresponding to the Dp-brane can be 
rewritten in terms of the oscillators as follows. 



Nonzero modes: 



a^,""-a_ n \ B ( F )) = ' 



+ O^ait) \B(F)} = (a^ + {0 T Y v a^) \B{F)) = . 
(c« + cL-3) |5(F)) = (4+) - cl-J) |5(F)) = . 



(D.l) 
(D.2) 
(D.3) 
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Zero mode: 



(x* - x i )\B(F)) = r\B{F)) = , J-|B(F)> = . 



(D.4) 



It is convenient to define new oscillators a' n on the boundary state \B(F)) to consider vertex operators 
on it: 17 

■= ^ + e(n)0^_t) , otP" := ±= (a^ + e{n){0 T YJ+») , (D.5) 

:= ^ " <n)a^) , at™ := (a^ - , (D.6) 

«1 ±)M , <4 ±)JV ] = mU/* > <*' { n )M \B{F)) = , n > 1 . (D.7) 
In terms of we can rewrite X M (a), P M (a) as 

oo 1 

+ 7f E £ {^ ma + ) 

v n=l 





1 
1 



7T 
1 

1 



i(!0OV a '(+> \ e ino 



oo 



n=l 



, (D.8) 
(D.9) 
, (D.10) 
(D.ll) 



We can define the normal ordering of tachyon vertex with respect to the new oscillators 



t ] := al ±} /v^, a'n ±}t := a'S/v^, (" > 1) as 
V T {a) = N : e ikM ^ xM W : 



p -ina _|_ \ + ® a '(~^ c ina \ I p^Mi 1 



f 1 -° T n /(+) p in g + l-O n/ (-) p - iwg V 

2ra 



x exp {-k, £ -1= (4+)e- + a'He-j'j 



(D.12) 



Then we have 



V T {a)\B{F)) = AAexp^f;^(i^a^)t e -- + l^al)t e -)^ 



,ik M x M 



\B(F)) 



7 Here we defined e(n) 



+1 (n > 0) 
-1 (n < 0) 
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\ n=l v v 



^ e ikM&M \B(F)). (D.13) 



In the last equation we rewrote again in terms of original oscillators. 18 

Similarly, we can consider the vector vertex on the boundary state as follows 

V v {a)\B{F)) = N : ( M ^d a X M (a)e ik »^ xN W : \B(F)) 



1 oo 

v n=l 

/ oo 

x exp I kfj, ^ - 



1 + /(+)t e -ing _ 1 + Q /(-)t c »ru7 
2 n 2 " 



n=l 



/2n 



HV"") \ e lkMiM \B{F)) 



"CmE^ 



71=1 



l±^ a (+)t e — _ l±R a {-)\ e in« 

2 7i 2 n 



(D.14) 



x «P E ^ (^4 +)t e— + e ^*"|S(fO> • 

We used d a X above instead of d T X because we consider "open string vertex" in terms of a closed string. 
We note that there are no excitations along Dirichlet directions on \B(F)) in Eas. (|D.13|) . HD.14|) . 

E Computation of vector type fluctuation 



Here we present details of computations in N4.21 

We first evaluate the quantity T>i (jOTj) using Eas. (|C.30«C.42j) . For the d a+dl (• • • )a t term in Ea. (|4~7|) . 



we have 



= -f3d 



V+A {1)T V+ +V-D {l) V- 



-/3(a+0i)+7r a t 



+ (f>l)» cos n(a + *) + ^B-CC, (*±£ 



(+)t 1 + Mt^ 



For the d a+9l (- ■ ■ )P term, we replace a) appropriately 



?»( 


: 







(F +e 1 v+A {i)T v++VD {i) v _ 

smmf3(cr + 9\) smrmr(3 



i^G^K E 



m=l 



-Km 



(E.l) 



(E.2) 



+ 2 (/3 + 1} C ° S + 6l) + 2) 

m=l \n=l / 



18 Here we have chosen the normalization constant as M = ez h 2 fe E„=i „ 
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In Ea. (|4.6j) . we can compute d a+dl (• • • )A CT+6>1 term using 



(smna)cHl - A^ T A^)C^ (cos na) = £ + ^ 

m=l p=l 

(cos na)C^ (l - D^D^ T ) 0~§ (sin no") 



sin 2mo ^-^ sin 7rp/3 sin p(3a 



np 



"E 



sin 2p/3o" 



(E.3) 



p=i 



cos ma 



m=l 

Then Ea. Q4.31JI becomes 



\m=l 



n E 

/ p=i 



sinp7r/3 sinp/3cr 
V 



<?E 



sin 2p/3<T 



(E.4) 



Pi = -/3d" 



-j9(<T+0i)+7r„t 



at + (j>sn (* - ff - *) + ^^C C , 

f; cos m(7r _ a _ 0l) + f; sin ^ sinp/ ^ + ^ 



,(+)t 



1 + 



(-)t 



"Cm 



T -0 \ 



\m=l 
/ii' 



p=l 



E 

m=l 



cos mj3(a + #1 ) sin m7r/3 1 



2-Km 



"3 



/ 1 

+ ^ + 1 )(Z) COBn ( 7r - (r - i) + 2 

\n=l 

1 + T 



(+)t 



1 + 



+ )t 



(E.5) 



2S(* - a - 9 1 )f: S ^^- 



p=l 

(— 7T < (J + Ol < 7r) 



r -0 V 



where we used formulae 



1 1 

• ^^cosnx= 5(x — 2mr), 



2-7T 7T 



71=1 



71=1 



sin nx cos ny 
n 



-x/2 [0 < x < y] 
(it — x)/2 [y < x < it] 



. (E.6) 



Similarly, we can evaluate P 2 as 



V 2 = (f3 + l)d 



-( ( 3+l)(Tr- f r-0 2 )„t 



.aia 2 T /1 + T 



a T - o(a + 9 2 )ir- L - i -B 1 

a 3 



,(+)t 



1 + 



.(-)t 



25(a + 2 ) 



p=i 



sin 2 pf3ir 
p 



T -0 



[XV 



(E.7) 



( — 7T < 7T — 0" — 02 < 7r) 

From Eqs. (|O^(|430|l(|E~5|)(|E T 7|) . we have obtained 

|(<5y$ B (ai)) * $ B (a 2 )> + |*b(«i) * (<V$B(a 2 ))) 



1 f0 T -0^ 

^ Cp 



l-ll' 



1 M(l+/3)(-/9)3 



0(1 + ^^"^^JcBl^r^BCai + « 2 )) 



aia 2AoT ^ ^l + T 4+)t 1 + 



TT-^C^ 

«3 



,+)t 
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P =i 



p 



o T -o 



7T 



e -A-^at |$s(ai + a2)) 



CBP J 2^ 6{a) 



«3 



-a 



(+)t 



1 + 



,(-)t 



00 „;„2 



sin p7r/? 



P =i 



2 2 

_ A -(fl+l)(ir-er') a 1 



$b(q;i + a 2 )) 



1 (O^-O^^ 



-(-/?) 



M(l + P){-^ k ^ K - 0(1 + f3)^ G ^ k »)c B \5 T $>B{ai + a 2 )> 



2 a 3 



IT 



,(+)t 



1 + 



(-)t 



p=l 

(i + j g)^^ CBP 



e A a |$B(ai +a 2 )) 



1 «l«2 / . D T r Y A + C 



2 a 3 



-C-B J C 



,(+)t 



l + O 



,(-)t 



00 . 2 



p=l 



C ^ (, 2 J V 



e a |$ B (ai + a 2 )) 



(r-ml^MG^fc^+l + (1 + p^k„G^k v +l 



c B \Sv$B(ai + a 2 )) 



+ ((_ J g)|*i.G^A" _ (1 + ^M?""**) 



CBP 



1 ai«2 / . D T^< A + C 



2 a 3 



,(+)t 



l + O 



.(-)t 



00 ™2 



p=l 



sin pit (3 
irp 



e a |$ b (q!i +a 2 )) 



(Ei 



Here we adjusted the 2-7T interval of integration to validate summation formulae which we used in compu- 
tations. 
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